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Total Least-Squares Criteria in Parameter Identification
for Flight Flutter Testing
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An investigation of parameter identification of time series models for linear dynamic structural systems
using the least squares and total least-squares criteria is presented. Excitation and response time-domain
data are used to parameterize autoregressive, moving average models. The method, or criteria, which is
used to solve a set of overdetermined, linear algebraic equations developed from the time-domain data
affects the solution. A commonly used criteria, least squares, introduces the possibility of significant bias
error hi the system parameters and leads to bias errors in the modal parameter estimates when mea-
surement errors are present. An alternative criteria, total least squares, provides an approach that ap-
pears to significantly reduce the bias error in the parameter estimates. These methods are applied to a
simple, simulated system and then to flight flutter test data with particular emphasis on accurate modal
damping estimates.
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Nomenclature
= data matrix
= contaminated data matrix
= augmented data matrix
= estimated data matrix______
= Frobenius norm, V^^ ^;=i|^//|2
= autoregressive coefficients
= observation vector
= contaminated observation vector
= estimated observation vector
= moving average coefficients
= 2 norm, \/2£i|&/|2
= noise sequence
= noise sequence
= damped natural frequency
= number of data points
= root mean square, V(1/AO 2^ x\
= singular value matrix, see Eq. (16)
= time
= left singular matrix, Eq. (16)
= discrete excitation value
= left singular matrix, Eq. (16)
= right singular vector
= discrete response value
= sampling interval
= damping ratio
= parameter vector
= estimated parameter vector
= estimated parameter vector, least squares
= estimated parameter vector, total least squares
= singular values
= standard deviation, V[l/(# - 1)1 2JL, (x, - Jc)2
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Introduction

T HE use of time-domain models to represent dynamic sys-
tems has been the subject of an increasing number of

research efforts over the past 20 years. This article is con-
cerned with the use of time series difference equation models
for dynamic structural systems. The models are created with
the specific goal of using vibration response data to estimate
the frequency and damping of the primary vibration modes of
the structure. This research effort was motivated by the desire
to generate estimates of modal characteristics from subcritical
flight flutter test data using short data records and rapid data
processing techniques. Accurate estimates of modal damping
are particularly important in this application since they are
often used as a indicator for flutter onset. This information
must also be available in nearly real time so that decisions
which influence the continuation of a flight flutter test can be
made. The ability of the flutter test engineer to acquire accurate
damping estimates is a current research issue since much of
the earlier research in this type of digital signal processing has
been conducted in the area of spectral estimation, where the
primary interest is to accurately identify the frequencies of
signals.

Most current flight flutter techniques are based on well-es-
tablished dynamic system identification methods, and in the
past have been almost exclusively frequency domain based.
Multiple blocks of vibration response data are transformed
from the time domain into the frequency domain where they
are ensemble averaged. The resulting power spectral density
or transfer function is used with curve-fitting techniques to
estimate modal frequency and damping. Usually there is an
attempt to reduce the influence of measurement noise in the
signals by collecting many blocks of data, but this extends the
amount of time that the aircraft must remain at test conditions
and increases the cost of the test.

Time domain system identification provides an alternative
to frequency domain methods, offering some possibilities for
improved capabilities for this application. This may be the case
when attempting to identify systems with closely spaced modes
and when multiple output signals are available. Additionally,
while frequency domain methods require the estimation of
modes from curve fits of frequency domain information, a
process often requiring subjective decisions, time-domain tech-
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niques allow for the direct calculation of frequency and damp-
ing directly from model parameters. Finally, in certain situa-
tions time series models can be constructed with relatively
short time records.

Consider a structure subject to an external excitation to be
a simple system where an input, the excitation, is applied to
the system and the resulting output is the system response.
Time histories of the excitation and response can be used to
estimate a model for the system. In almost all practical systems
the processes used to measure and record the excitation and
response introduce noise into the measured signals. The chal-
lenge presented to most dynamic system modeling techniques
is to construct an accurate model in the presence of this noise
or measured data uncertainty.

In the current study the systems are modeled as time-invar-
iant, linear difference equations referred to as autoregressive,
moving average (ARM A) models. The specific intent of this
article is to discuss the implementation of parameter estimation
techniques that improve the accuracy of the system identifi-
cation process. Past efforts have shown that these models can
provide very good estimates of natural frequency and damping
in the absence of significant measurement noise.1'4 It is rec-
ognized that often these estimates contain both bias and pre-
cision errors, and the source and reduction of the bias error in
the estimates are the primary concerns of this article.

Time Series Models of a Dynamic System
Four of the major steps involved in the system identification

process addressed in this article are listed. Although each step
contains a number of assumptions worthy of detailed discus-
sion, this article is primarily concerned with the third step, the
identification of the time series model parameters: 1) measure
the excitation and response signal data, 2) select an appropriate
form for the time series model, 3) identify the time series
model parameters, and 4) use the parameters to find system
characteristics. Though the third step is of primary concern,
the influence of the other steps is briefly outlined in the fol-
lowing:

1) Excitation methods for flutter testing are often classified
as either random or sinusoidal, dependent upon their time-do-
main character, and they can have a marked influence on the
methods used for data analysis. Because of the emphasis
placed upon rapid data collection in this work only random
excitation methods are considered. For the current study the
fact that both the excitation and response signals contain some
uncertainty is particularly relevant. When conducting studies
with data from simulated systems, the type and level of noise
can be controlled. However, when attempting to build models
of real systems from experimental data, many of the sources
contributing to uncertainty are unknown.

2) Two common types of time series models are the auto-
regressive (AR) and ARMA models. The AR model can be
shown to exactly represent multiple damped sinusoids and is
appropriate for finite degree-of-freedom free-response data.5
An AR difference equation expresses the response of a system
at a time x(t) as a function of previous response values
x(t — iAf)» and a finite set of system parameters a{:

x(t) = a,x(t - AO + a2x(t - 2A/) + • • • + (1)

The ARMA model is based on both the excitation and response
of a system and it is an approximation for forced response. An
ARMA difference equation sets the response of the system as
a function of previous values of the excitation and response
u(t — /Af) and x(t — /Af) of the system and a set of system
parameters a/, b{:

x(t) = a^x(t - Af) + a2x(t - 2AO + • • • +

+ £>,ii(f - AO + ' ' ' + bnu(t -

The number of terms included in each of these difference equa-
tions is an issue of concern and is related to the order of the
system (i.e., the number of modes present in a specific fre-
quency range) and causality. If the order of the system is un-
known prior to parameter identification, additional problems
are introduced. In the case of flight flutter testing, the engineer
often can make a reasonable estimate of the number of struc-
tural modes within a particular frequency range.

3) The third step in the system identification process is form-
ing and solving a set of linear algebraic equations for the un-
known parameters in either the AR and ARMA models. For
the AR example, Eq. (1) can be written for m + 1 different
instants in time. The unknowns in these m + 1 equations are
the model parameters and the system of equations can be ex-
pressed as

x(tt) = 0iX*/-i

x(ti+m) = +m-«) (3)

The number of equations and number of unknowns influence
the methods that can be used to solve for the unknowns. As
will be discussed, least squares and total least squares are two
criteria that can be used to solve a system of overdetermined
equations.

4) The final step in this identification process is determining
the system characteristics from the time-domain model param-
eters. This is accomplished with a simple transformation of the
time-domain difference equation into the z domain and form-
ing the corresponding discrete time transfer function. The
poles of the transfer function provide the natural frequency
and damping for the system. Thus, to accurately estimate
modal frequency and damping, it is necessary to accurately
estimate the parameters of the difference equation.

Least-Squares and Total Least-Squares Criteria
Under certain conditions, solving for the parameters in a

linear model is a simple and highly accurate process. Either
AR or ARMA difference equations can be written for multiple
instances in time, and form a system of linear, algebraic equa-
tions. The set of difference equations [Eq. (1) or (2)] can be
written as

[A]{0} = {b} (4)

If one considers an AR representation of a finite order, linear
system undergoing free response, an exactly determined set of
linear algebraic equations can be formed and the set has a
unique solution that exactly defines the values of system pa-
rameters.

In practice, both the excitation and response signals are con-
taminated with noise, the order of the system is unknown, and
solving for the parameters is not a simple process. A widely
used approach is to write an overdetermined set of difference
equations and since the solution is approximate, it is based on
some criteria. The following discusses two of these criteria.

Least Squares
Perhaps the most common solution criteria for overdeter-

mined systems of linear equations is least squares (LS). Con-
sidering Eq. 4 in the absence of measurement noise, [A] is
acted upon by {6} to produce the exact {b}. If the observation
vector alone is contamination by noise or errors [e] then one
needs to introduce the measured observation vector {b'}. As
a result of noise in the observations, Eq. (4) can also be ex-
pressed as

(2) [A]{6} = {b'} - {e} (5)
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Since both the vectors {6} and [e] are unknown it is impos-
sible to exactly determine the parameter vector from the mea-
sured observation vector using Eq. (5). Instead the parameter
estimate is based on the measured observation vector and in a
least-squares estimate one attempts to solve Eq. (6):

[A]{8} = {b'} (6)

The least-squares parameter estimate is equivalent to minimiz-
ing the sum of the square of the difference between {b'} and
{£}. The estimated observation vector is generated with {6}
and [A] as shown in Eq. (7):

[A]{8} = {b} (7)

The quantity to be minimized can be written in either of the
forms:

min(2|[A]{8} - {b'}\2) - (b'}\2) (8)

The estimate of the parameter vector resulting from the appli-
cation of the LS criteria is

(9)

Although the least-squares criteria is widely used in solving
linear systems, it can be viewed as being based on the as-
sumption that only the observation vector is contaminated with
noise. This estimate is said to be unbiased if the difference
between the actual parameter vector and the estimated param-
eter vector approaches zero as the number of equations (i.e.,
length of the data record) increases. There are two conditions
for obtaining an unbiased least-squares estimate: 1) [A] must
be statistically independent of {e}, and 2) the expected value
(mean) of the noise must be zero.6 With both AR and ARMA
difference equations, the data matrix contains many of the
same elements as {b}. As a result, the data matrix is not in-
dependent of {e}, and at least one of the conditions for an
unbiased least-squares solution is not satisfied.

A bias error has been observed in many of the parameter
identification methods based upon least-squares estimates.1'4
One common method of reducing this bias error is to use a
highly overspecified model (i.e., assume the model order to be
significantly larger than the actual system order), but this often
results in the problem of sorting system and computational
modes.1 A second method is to employ singular value decom-
position (SVD) to find a lower rank approximation to the data
matrix, but this requires a similar type of sorting and modifi-
cation of the singular values. A third method of reducing this
bias is to use an alternative to the least-squares criteria.

Total Least Squares
The total least-squares (TLS) criteria was developed as a

method in which the parameter estimates are generated from
a system of equations where it is assumed that both the data
matrix and the observation vector are contaminated with noise.
Comparatively, the LS and the TLS solve the following sys-
tems of equations:

Least squares: [A]{8} = {b} + {e} (10)

Total least squares: [[A] + [F|]{8} = {b} + {e} (11)

A characteristic of the TLS estimate is that the parameter vec-
tor can be shown to be consistent and unbiased under less
restrictive conditions than the LS solution.7

An effective method of illustrating the total least-squares
solution is to compare it directly with the least-squares solu-
tion. Based on the assumption that [A] contains no errors, the
least-squares solution finds a vector {8^} to minimize the sum
of the squared, or 2-norm, of the residual vector:

The TLS approach assumes errors contaminate both the data
matrix and the observation vector. The parameter estimate is
found by seeking to minimize8

', b'] - [Ab]\\F (13)

The matrix [A', bf] is an augmented data matrix created by
combining the data matrix and the observation vector, and
[A b] corresponds to the predicted matrix from the TLS so-
lution. || A || F is the Frobenius norm that is a measure of the
size of a m X n matrix just as the 2-norm measures the length
of a vector.9

The total least-squares solution is found by reformulating
Eq. 14 as a homogeneous, linear system as shown in Eq. (15):

[A']{8} = {b'}

[A', b'} ̂  J = 0

(14)

(15)

It can be shown that the solution to a homogeneous linear
system is found in the null subspace of the augmented data
matrix.9 Although a number of methods can be used to divide
the augmented data matrix into a system subspace and a null
subspace, singular value decomposition is commonly used:

[A', b'] = [U][S][Vf (16)

The matrices resulting from the SVD are partitioned into sys-
tem and null subspaces:

r -i r -iT

[A', b'} = [i/slgnalt/null] ***** _° U" Y.12 (17)
L u Z™"J LV21 v™\

Although detailed development is beyond the scope of this
article, Golub and Van Loan9 show the TLS parameter estimate
is based on the columns of [V], which correspond to the sin-
gular values in the null subspace as shown in Eq. (17)7:

{0TLS} = - (18)

The most straightforward TLS solution occurs when the null
subspace is of rank = 1 and a unique parameter estimate can
be found directly. The solution to this system is the single
vector that forms a basis for the null subspace. This vector
corresponds to the smallest singular value, and therefore is the
last column of the [V] matrix. The estimate of the parameter
vector is written as

rA i _ (19)
+ l.n+1)

- {b'} (12)

If the rank of the null subspace is greater than one, multiple
estimates of the parameter vector will exist. In this situation,
one approach is to accept all of the solutions as estimates of
the parameter vector and then perform some type of averaging.
A second approach is to combine all of the estimates into a
single parameter estimate. If the order of the system is known,
a linear combination of the estimates can be used to find the
minimum norm TLS solution, which is the approach taken in
this study. Finally, it is important to note that the order of the
difference equation used to develop the original data matrix
must be at least as large as the order of the system being
modeled for the null subspace to exist.

Parameter Identification, Order Overspecification,
and Backward Methods

The preceding discussion focused on the solution of a sys-
tem of overdetermined, linear algebraic equations. As men-
tioned, the solution of sets of equations of this type is only
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one of the steps that take place in a number of time-domain
parameter identification methods. The work presented in this
article is based upon the extension of the reduced backward
method (RBM) approach to time-domain parameter identifi-
cation.10 RBM was developed to provide an automated pro-
cedure for time-domain parameter identification with particular
emphasis on short time record analysis. It assumes no prior
knowledge of the system characteristics (i.e., number of modes
in a specified bandwidth). In RBM noise bias reduction was
achieved through order overspecification. Automated pole sort-
ing, required because of the model order overspecification, was
accomplished by reformulating the ARMA models in the back-
wards time sense. Stable (damped) modes in the forward time
sense become unstable when the time history data is reordered
so that time is decreasing. It is then possible to automatically
discriminate between the system poles and the computational
poles introduced because of order overspecification.

Even with large degrees of order overspecification RBM
produced biased parameter estimates. Though acceptable for
certain applications, this was acceptable when applied to flutter
test data processing.11 This was particularly true of the bias
error associated with the damping estimates because of the role
that damping estimates play in the flutter point prediction. The
RBM resulted in damping estimates consistently less than
those produced by frequency domain techniques. Even though
these estimates were biased by the presence of measurement
noise in the data, the RBM approach provided certain advan-
tages. The process was automated, it typically required signif-
icantly less data (i.e., shorter time records that could be a big
advantage in the flight test environment), and it was well suited
for differentiating between very closely spaced modes.

The research presented in the current paper was an attempt
to exploit the advantages associated with both the RBM and
the TLS criteria. By applying TLS to the parameter identifi-
cation approach used in RBM it was hoped to reduce the re-
quired levels of overspecification that would reduce both the
data requirements and computational times. If this could be
accomplished along with a reduction in the bias error, the com-
bined approach could provide synergism useful in the flight
flutter test environment.

Applications
The following describes the application of the total least-

squares criteria in the parameter identification procedure for
both simulated and actual systems. ARMA model parameters
were identified using random, forced response data from a nu-
merically simulated, dynamic system and from an experi-
mental flight flutter test. The numerically simulated system
provided a controlled situation under which the relative char-
acteristics of the LS and TLS criteria could be compared
within the context of the same parameter identification pro-
cedure. The flight test data provided a most rigorous and re-
alistic test environment for the identification methods.

Simulated System Response
The behavior of a dynamic system was numerically simu-

lated to examine the accuracy of system identification proce-
dures using least squares and total least squares. Although both
the bias and precision error were calculated, the reduction of
bias error produced with the RBM was the primary objective.

The simulated system response data was generated using an
ARMA model with a given set of parameters and a prescribed,
random input time series. The model parameters were chosen
so that a single mode system was approximated with a damped
natural frequency of 7 Hz and a damping ratio of 0.02. The
ARMA representation of the system is shown in Eq. (20) for
a sample frequency of 40 Hz:

A time series response was generated from this ARMA model
with a normally distributed, random white noise excitation.
Both the excitation and response time series records were con-
taminated with independent, normally distributed random
noise. Time series records containing 256 data points with a
uniform time interval were used. These relatively short time
series records would represent a total sampling time of ap-
proximately 6.4 s. A sample excitation, response, noise se-
quence, and contaminated response are shown in Fig. 1. The
magnitude of the random noise excitation was selected to keep
the ratio of the rms of the response to the rms of the noise
equal for both the excitation and response records. The signal-
to-noise ratio in Fig. 1 is 4.0.

The simulated system was used to evaluate three issues. In
the first study, a second-order ARMA model was used with
the LS and TLS methods. Because the model was not over-
specified, there were no extraneous computational modes and
no mode sorting issues, and the influence of order overspeci-
fication on the bias errors was not present. Four different sys-
tem identification approaches were considered by using both
the LS and TLS criteria to solve forward and backward for-
mulations of the ARMA equations.

In each of the four cases all 256 data points were used to
create a highly overdetermined set of linear algebraic equa-
tions. The LS parameter estimates were obtained using a SVD
to solve the overdetermined set of equations, and the TLS
solutions were achieved using the approach outlined earlier.
The identification process was repeated 10 times with 10 dif-
ferent sets of noise-contaminated excitation and response sig-
nals (S:N =4:1). Note that this is particularly noisy data, but
it can be characteristic of the noise level encountered in certain
types of experiments. This is particularly true for flight flutter
testing where there are many possible noise sources.

Since order overspecification was not used, the characteristic
equation developed from the ARMA model was second order
and it resulted in a single pole in the discrete time or z domain.
The position of this pole is used to determine the modal fre-
quency and damping. Figure 2 shows the pole positions and
Table 1 shows the frequency and damping resulting from for-
ward time estimates using both LS and TLS criteria. As shown
in numerous previous studies the LS estimates are significantly
biased. Because each pole estimate is biased toward the origin
of the unit circle in the z plane (Fig. 2), the damping is over-
estimated (Table 1). The standard deviation of the sample is
also included in Table 1 and provides an estimate of the pre-
cision error associated with each parameter. Using the TLS

x(t) = l.2526x(t - Ar) - 0.9654x(f -

- l.2526u(t - 2AO

2u(t -

(20)

3 4
Time (sec)

Fig. 1 Forced response of simulated dynamic system.
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Table 1 System identification results with forward model

Least squares

Table 2 System identification results with backward model

Total least squares
Frequency Damping Frequency Damping

Mean
Sample cr

7.256
7.208
7.181
7.227
7.268
7.208
7.234
7.235
7.187
7.281
7.228
0.033

0.0661
0.0645
0.0622
0.0624
0.0663
0.0652
0.0798
0.0669
0.0579
0.0653
0.0657
0.0056

6.989
7.031
6.960
6.956
6.974
6.992
7.065
7.012
6.992
7.013
6.998
0.033

0.0209
0.0188
0.0182
0.0196
0.0219
0.0274
0.0210
0.0218
0.0193
0.0196
0.0209
0.0026

!0.9-

0.8-

Unit Circle

o System pole

• LSpole
x TLSpole

0.3 0.4 0.5
Real Axis

Fig. 2 Estimated pole positions (z plane) from forward model.

1-

10.9-

0.8-

JJnit Circle

0.3 0.4 0.5
Real Axis

Fig. 3 Estimated pole positions (z plane) from backward model.

criteria the bias errors in the frequency and damping estimates
have been significantly reduced. The pole positions are still
biased slightly toward the origin of the unit circle and a small
overestimate of the modal damping results. Though the value
of the standard deviation of the sample for the 10 estimates is
also reduced in TLS, it represents a greater percentage of the
mean damping value.

Figure 3 and Table 2 present comparable results using the
same simulated data with a backward time approach. In the
case of the LS criteria the pole estimates were again biased
toward the origin of the unit circle. When the pole locations
were then transformed to their appropriate forward time lo-
cation, they actually ended up outside the unit circle (Fig. 3)
and had negative damping values (Table 2). It will be illus-
trated that if the signal-to-noise ratio is increased, the mean
LS damping estimate becomes less negative, and in the for-
ward time sense the pole would eventually move back inside
the unit circle and have positive damping. The underestimation
of damping using the backward time approach exists whenever
measurement noise is present.

Least
Frequency

7.180
7.217
7.134
7.157
7.158
7.226
7.269
7.223
7.174
7.237

Mean 7.197
Sample or 0.043

7.3 ——— ———————

J 1
I -

{7.1- |

I
-

*

squares

Damping
-0.0275
-0.0288
-0.0267
-0.0324
-0.0266
-0.0336
-0.0312
-0.0337
-0.0278
-0.0395
-0.0308

0.0041

* .
f —— I —— *-

Total least squares
Frequency Dampir

6.989
7.031
6.960
6.956
6.974
6.992
7.065
7.012
6.992
7.013
6.998
0.033

> 1— * —— s

0.020S
0.018S
0.0182
0.0196
0.021S
0.0274
0.021C
0.021?
0.0192
0.0196
0.0205
0.0026

• LS
x TLS

f »
* ••

! ModelOixier = 2

f iQ-
256 Data Points

8 10 12 14 16 18 20
Signal to Noise Ratio

Fig. 4 Averaged modal frequency estimates of numerically sim-
ulated system.

Table 2 also presents the estimates using the TLS criteria.
Note that the TLS criteria yields the exact same parameter
estimates, for both the forward or backward time models as
would be expected since the augmented data matrix [Eq. (15)],
is the same regardless of the direction of time. The mean val-
ues for both the frequency and damping estimates are good,
particularly considering that the signal-to-noise ratio is only
4:1. The standard deviation of the sample for the damping
estimates is not insignificant. Although TLS has reduced the
bias error, the presence of noise still effects the precision of
the individual parameter estimates. Averaging multiple esti-
mates (i.e., reducing the standard deviation of the mean) then
becomes an effective way of reducing the precision error and
improving the parameter estimates.

Figures 4 and 5 provide additional insight to the influence
on the frequency and damping estimates from both LS and
TLS solution criteria at different signal-to-noise ratios. The
error bands indicated for each estimate represent the 95% con-
fidence limits assuming a normal distribution and small sample
size statistics. At each noise level 10 sets of contaminated ex-
citation and response data were used with a second-order,
backward, ARM A model to generate 10 estimates of frequency
and damping. The 10 estimates were averaged to produce one
estimate at a number of signal-to-noise levels. The bias error
in the LS frequency and damping estimates are shown as the
difference between the true value of the parameter and the
mean of the 10 samples. As the signal quality is improved the
influence of the measurement noise on the LS estimate is re-
duced, but the TLS estimates provide improved estimates over
a rather wide range of signal-to-noise ratios. It is important to
note that the bias error in the LS solution consistently causes
the damping to be underestimated.
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0.08-

0.04-

0-

-0.04-

-0.08-

Model Order = 2
256 Data Points

8 10 12 14
Signal to Noise Ratio

16 18 20

Fig. 5 Averaged damping ratio estimates of numerically simu-
lated system.
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Fig. 7 Averaged damping ratio estimates of numerically simu-
lated system.
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Fig. 6 Averaged modal frequency estimates of numerically sim-
ulated system.

The use of overspecified models in the identification process
has been an effective method of improving the accuracy of
parameter estimates. The additional or computational modes
in an overspecified model provide an outlet for the noise in
the signal that would otherwise cause error in the parameter
estimates. For this study, a signal-to-noise ratio of 4:1 was
chosen and 10 sets of contaminated excitation and response
data were generated. Backward ARM A models with orders
ranging from 2 to 20 were used for system identification with
both the LS and TLS criteria. It is clear from Fig. 6 that even
low levels of overspecification can be effective in improving
the LS frequency estimates. With regard to the damping esti-
mates (Fig. 7), the bias error that is seen in the LS estimate is
reduced as the overspecification level is increased. It can be
seen that the LS estimate consistently underestimates the
damping when compared to the TLS estimate. These figures
do not indicate that there are dramatic improvements in the
TLS estimates with order overspecification.

Although significantly simpler than an actual dynamic sys-
tem, some observations can be made using the results pre-
sented with this simulated system. Most importantly, the least
squares criteria clearly leads to biased parameter estimates, and
in a backward model, this bias causes the damping estimate to
be consistently underestimated. Although overspecification can
be effective in reducing this bias error, it persists even at high
levels of overspecification. The TLS criteria offers an effective
method of reducing the bias error in parameter identification.
It has also been shown that the precision error is primarily
related to the signal-to-noise ratio, and the ability of overspec-

ification to reduce precision error is somewhat limited. Aver-
aging multiple estimates provides a method by which the pre-
cision error in the parameter estimate can be reduced. Finally,
it is the damping estimate that is most significantly affected
by the bias error seen in the LS solutions.

Flutter Flight Test Data
Flight flutter test data were used in the second demonstration

of this modal parameter estimation technique. It provided a
realistic environment in which the technique could be evalu-
ated. The test data used in this study were generated by the
U.S. Air Force in a series of F-16 flight flutter tests. It was
made available to NASA for an evaluation of the structural
excitation techniques and was used in the current study to eval-
uate the capability of a TLS-based parameter estimation
method. Unfortunately, because the data results from the re-
sponse of a real structure in a very complex environment, there
are no exact frequency and damping values to provide com-
parisons as was done with the simulated data. Instead, fre-
quency and damping estimates have been generated using both
frequency domain and time domain identification techniques
and these results are compared. Because the frequency domain
techniques are based on an established estimation method, they
provide the best comparison available for this data. This ap-
proach also allowed for the comparison of computational and
engineering effort associated with each approach and these are
to be discussed in a qualitative manner later. Since the objec-
tive of the current study was to compare techniques, not to
provide a comprehensive analysis of the flight test, only a
small portion of the available test data set is discussed.

The flight tests were conducted by an F-16 modified for
flutter testing with a specialized excitation system. Of primary
interest was the ability of the excitation system developed by
Dynamic Engineering Inc., the DEI exciter,12 to excite the pri-
mary vibration modes of the aircraft. The tests were conducted
with two excitation techniques: 1) conventional flaperon ex-
citation and 2) the DEI exciter. The first method involved the
oscillatory deflection of the flaperons. The control surfaces
were deflected using a linear sine sweep signal, and the posi-
tion of the control surface was used as the excitation input
signal in the data processing procedure. The second method
using the DEI exciter involved the use of small, mechanically
actuated vanes mounted on the outboard side of the midspan
wing pylons. A slotted cylinder mounted on the vane was ro-
tated to alter the aerodynamic loads on the vane, providing a
periodic excitation force to the wing. Both linear and logarith-
mic sine sweep signals were used. A strain gauge was mounted
on the connection between the vane and the pylon. This was
used to measure the strain in the connection that should be
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Table 3 Frequency domain estimates

Flap

DEI linear

DEI log

LSCE, forward
LSCE, aft

Curve fit, forward
Curve fit, aft

LSCE, forward
LSCE, aft

Curve fit, forward
Curve fit, aft

LSCE, forward
LSCE, aft

Curve fit, forward
Curve fit, aft

/-
6.61
6.60
6.60
6.63
6.85
6.84
6.93
——
——
——
6.58
6.59

C
0.034
0.033
n fLiRU.v/*rO

0.042
0.019
0.018
0.053
——
——
——
0.036
0.031

fd

11.82
11.78
U oo.oz
11.74
12.40
12.40
12.38
12.30
——
——
12.20
12.20

{•
0.053
0.043
0.031
0.037
0.045
0.037
0.029
0.037
——
——
0.032
0.019

/-r
———
———

___
17.43
17.47
17.11
17.15
——
——
17.52
17.41

C
——
——

__ _
0.029
0.025
0.022
0.024
——
——
0.015
0.018

Table 4 Time-domain least-squares estimates

Flap

DEI linear

DEI log

SIMO, forward/aft
SISO, forward

SIMO, forward/aft
SISO, forward

SISO, aft
SIMO, forward/aft

SISO, forward
SISO, aft

ft
6.70
6.69
6.69

——
——
——
——
——

C
0.037
0.038
0.035

——
——
——
——
——

/-
11.82
11.84
11.79
12.35
12.30
12.45
——
——
——

C
0.033
0.041
0.027
0.018
0.018
0.022
——
——
——

/-
——
——

17.50
17.51
17.49
17.40
17.34
17.47

C
——
——

0.017
0.018
0.019
0.006
0.006
0.007

proportional to the bending moment at the attachment between
the vane and the wing.

The vibration of the wing was monitored with a number of
accelerometers mounted at various locations. The data used in
this study was restricted to single component accelerometers
(normal or z plane) mounted at forward and aft positions on a
launcher rail at the tip of the wing. These accelerometers pro-
vided the response signals for both the frequency and time
domain methods. In each case, the excitation was provided
with a sweep lasting approximately 25 s. The excitation and
response data were collected at a sample rate of 200 Hz, re-
sulting in time-domain data records containing approximately
5000 data points. For the frequency domain estimates a single
channel of response output was used in each case so that the
system was modeled as a single input/single output (SISO)
process. The formulation of the time-domain data processing
method allowed the output from both accelerometers to be
considered either independently or simultaneously. Therefore
the system could be characterized as either a SISO process or
a single input/multiple output (SIMO) process. Additional de-
tails on the SIMO formulation of the TLS extension of the
RBM can be found in Ref. 13.

The estimates using the frequency domain methods were
generated by NASA personnel and though some of those re-
sults are included in this article, few details on these methods
are provided. Two different frequency-domain-based tech-
niques were used to develop modal estimates. The first method
was developed by LMS International,14 and involves the trans-
formation of excitation and response data into the frequency
domain where the cross power spectrum can be calculated us-
ing ensemble-averaged data. A linear system identification
method, the least square complex exponential technique,15 is
then used to estimate the frequency and damping. The results
developed using this method for two of the excitation tech-
niques (flaperon and DEI linear) are labeled LSCE in Table 3.
The table presents frequency in hertz and damping estimates
for the first three modes at approximately 6.8, 11.8, and 17.4
Hz.

The second method was based on a similar technique except
that the ensemble-averaged, autospectral density of the output
signal was used with a curve-fit procedure provided by a
MATLAB16 toolbox routine. With the second technique, the

analyses were conducted using block sizes of 2048 data points
with 50% overlapping. The estimates generated using this ap-
proach are labeled Curve Fit in Table 3.

The results in Table 3 indicate the presence of three modes
below 20 Hz. With the flaperon excitation, only the 6.7 and
11.8 Hz modes were identified with damping values ranging
from approximately 0.03 to 0.05. A general estimate of the
uncertainty in the damping estimates can be made using these
results and there is an indication of considerable variation de-
pending on response transducer, excitation type, and data proc-
essing method. The LSCE estimates were not developed for
the DEI Log excitation.

Before the time domain identification methods were used to
process the flight-test data, some simple signal processing tech-
niques were applied. As described earlier, for each test case,
approximately 25 s of test data was available at a sample fre-
quency of 200 Hz. At this sample rate, with appropriate low-
pass filtering, one can hope to identify modes in a frequency
range from 0 to 100 Hz (i.e., the Nyquist frequency). It was
known that the wing modes were in a range from 0 to 20 Hz,
so that at this sampling rate all of the poles would be located
in a small region of the first quadrant of the z domain. There-
fore the data were digitally, low-pass filtered at 20 Hz and
every fifth point selected such that the effective sample fre-
quency was 40 Hz. A 5600-point, 25-s signal was reduced to
a 1120-point, 25-s time record. Both the excitation and re-
sponse signals were filtered with the same fourth-order, But-
terworth digital filter and the resulting filtered signals were
used for all of the time-domain estimation efforts. Each signal
was then normalized by scaling to an rms value of 1.0.

Estimates of the frequency and damping of the modes under
20 Hz were generated using the time-domain identification
techniques outlined earlier using both LS and TLS criteria. For
all of the time-domain estimates the model order was chosen
to be 50 and the order of the signal subspace was selected to
be 6 to correspond to the three modes that were expected in
the frequency range of interest. Unlike the LS formulation of
RBM, an estimate of the size of the signal subspace is nec-
essary for the TLS implementation and this limits complete
automation of the approach. The frequency (Hz) and damping
estimates for the LS approach are presented in Table 4 and the
TLS results in Table 5. For each type of excitation, there are
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Table 5 Time-domain total least-squares estimates

Flap

DEI linear

DEI log

SIMO, forward/aft
SISO, forward
SISO, aft
SIMO, forward/aft
SISO, forward
SISO, aft
SIMO, forward/aft
SISO, forward
SISO, aft

6.69
6.87
6.72
6.97
——
6.90
6.17
6.83
6.70

0.047
0.058
0.051
0.014
——
0.011
0.010
0.009
0.008

11.88

12.37
12.25
12.45
12.26
12.25
12.26

0.052

0.028
0.015
0.031
0.014
0.014
0.009

__

17.51
17.55
17.48
17.42
17.31
17.50

____

0.025
0.025
0.025
0.019
0.021
0.017

three estimates. The first is based on a SIMO, ARMA model,
and the second two are based on SISO ARMA models, and
therefore, use only one of the two available accelerometer re-
sponse channels. This allows for direct comparison with the
SISO frequency domain results.

For all of the time domain presented, the backward time
technique was used to provide an automated approach for
mode discrimination since order overspecification was used in
each case. The LS results shown in Table 4 illustrate some of
the problems associated with the noise-biased results. For both
the SIMO and SISO results, not all of the modes were auto-
matically identified. The flaperon excitation allowed for the
identification of the first two modes where the DEI excitation
method provided the second and third modes. On average the
damping estimates were lower than those achieved with the
frequency domain techniques. The TLS results in Table 5 in-
dicate that most of the modes were identified, particularly for
the DEI excitation. The TLS damping values are consistently
greater than those achieved using the LS criteria. On occasion
the TLS approach resulted in additional modes identified as
being present within the unit circle. Whether they are caused
by extraneous poles or actual system modes, either local or
global that were not identified using the other methods, cannot
be determined from this limited data set. Truly automated
mode identification and sorting is still an issue of concern for
future research.

It was determined subsequent to the tests that the DEI ex-
citers were not placed in the best positions to effectively excite
the wing when these results were compared with other flight
tests using the DEI exciter. This made the data processing for
both the frequency and time-domain techniques more difficult.
One unfortunate characteristic of this flight-test data is that
there were no closely spaced modes that could be used to
compare the use of frequency and time-domain techniques.

Although it is difficult to make any conclusive statements
about the results obtained with this data, it is possible to make
some observations about the data processing techniques. There
was a time savings involved in the use of the time-domain
methods. The frequency domain estimates each took from 2
to 5 min to generate. In addition, there was a significant
amount of user interaction in developing these estimates. The
time-domain estimates were obtained in 30 s to 2 min on the
same workstation. The SIMO, ARMA models took about twice
as long as the SISO models. Although some time savings could
be achieved in both of these methods, the relative speeds
would likely remain approximately the same. Although the
time difference may not seem to be significant, if the estimates
are required during a flight test and at a number of flight test
conditions, the additional time can have an impact.

Overall, the time-domain models seem to provide effective
estimates of both frequency and damping. Two exceptions are
noted: first, because the flaperon did not excite the 17-Hz
mode, neither the frequency domain nor the time-domain
methods were able to consistently identify this mode; second,
inconsistent estimates were generated for the 6-Hz mode in the
two cases when the DEI exciter was used as the excitation
source. An examination of the coherence function generated
with the DEI strain gauge and the output accelerometers, re-

vealed that although the 6-Hz mode was being excited slightly
by some mechanism, the DEI excitation was not primarily re-
sponsible for the response.

Some final comments are relevant to this study.
1) Some averaging of the results may decrease the error in

the results because of precision. Overlapping blocks of time
series data could be used to develop multiple frequency and
damping estimates and average parameter values determined.

2) The data reduction process was repeated for overspecified
levels above 20 and there did not appear to be a significant
increase in the accuracy of the results. Lowering the overspec-
ification level would decrease the computational time and may
allow for comparable accuracy.

3) Other than filtering, resampling, and normalization, no
other modifications were made to the time-domain data. This
means that user interaction is limited and it helps to expedite
the data reduction process.

Conclusions
Both numerical simulation and flight flutter test data were

used to evaluate the application of the total least-squares cri-
teria to the parameter identification for ARMA models of lin-
ear dynamic systems. The results support earlier efforts that
indicate that there is significant bias in parameter estimates, in
particular modal damping estimates, when least-squares meth-
ods are used. The use of the total least-squares criteria that
recognizes the influence of uncorrelated noise in the experi-
mental measurement was shown to have a positive effect on
the parameter bias. The use of the total least-squares criteria
along with averaging of the parameter estimates appeared to
reduce both bias and precision errors and reduce the overall
uncertainty in the parameter estimates.

The extension of the RBM approach by using the total least-
squares criteria has shown to improve the parameter estimates
using time-domain methods when applied to the flight flutter
test data. The pole sorting is improved because of the reduced
bias, and damping estimates appear to be comparable to fre-
quency domain approaches. The amount of time and user in-
teraction is reduced when the time domain techniques are com-
pared with current frequency domain approaches. With
additional experience the time domain approaches may provide
an attractive and economical alternative.
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